PACS. 74.50+r -Proximity effects, weak links, tunneling phenomena, and Josephson effects. PACS. 03.20+i -Classical mechanics of discrete systems: general mathematical aspects. PACS. 85.25Cp -Josephson devices.
Josephson-junction devices are, among many other important applications, the way the voltage standard is established. Not surprisingly, experimental and theoretical understanding of their operation has been for years, and still is, an active research field of both fundamental and practical importance. The theory of the Josephson effect contains essentially nonlinear aspects and its predictions can be seen to be closely related to the general physics of a forced and damped mathematical pendulum. On the other hand, recent impressive developments of nonlinear science provide new concepts and perspectives which are penetrating many areas of physical research, shedding new light and raising new questions about an increasing number of physical systems. It is in this direction that the work presented below is framed.
We analyse here the dynamics of a Josephson-junction ladder with injected ac currents and find the existence of attracting time-periodic solutions whose energy is exponentially localised. They can be classified in two groups: i) oscillator localised modes, in which the amplitude of the superconducting phase oscillation is exponentially localised, and ii) rotor localised modes, where the phases of a pair of superconducting islands rotate while the rest perform forced oscillations. The physical consequences of their existence is analysed afterwards. The existence and characterisation of intrinsically localised modes in (Hamiltonian and non-Hamiltonian) discrete arrays of nonlinear oscillators has been anticipated by different analytical and numerical approximations [1] - [3] and has recently been given support by new theorems of nonlinear dynamical systems theory [4] exploiting the ideas of anticontinuous limit [5] , [6] . Many issues concerning their stability, movability, etc. are still open questions in spite of some recent progress [7] , [8] . These localised modes (also known as discrete breathers) are intrinsic, in the sense that they occur even if the system is homogeneous (no impurities or disorder are present), so that the localisation is due to nonlinearity.
Superconducting arrays consist of superconducting grains (islands) embedded in a normal or insulating matrix, linked together by Josephson or proximity effect couplings. The superconducting order parameter (condensate wave function) of the island located at position
. We will consider arrays with a ladder geometry (see fig. 1 ), whose ground-state properties are now well established [9] , [10] . The basic equations for the operation of a Josephson-junction array biased by injected currents I(t) = I cos(ωt), in the framework of the resistively and capacitively shunted junction (RCSJ) approach [11] , [12] , neglecting inductive effects and incorporating capacitive effects (through an inertial behaviour of the superconducting phases) arë
where δ are nearest-neighbour lattice vectors. J δ is the Josephson coupling (critical current, I c,δ ) of the junction attached to the link δ and δ is related to the resistive effects from the contribution of normal electrons; both are junction characteristics. As shown in fig. 1 , the currents I(t) are injected into the islands in the upper row and extracted from those in the lower row. More specifically, we will assume that the junction characteristics are (J x , x ) for junctions in the horizontal rows, and (J y , y ) for junctions which couple islands in different rows. Also, θ i and θ i will denote, respectively, the phases of upper and lower islands at site i in the ladder. With the change of variables (center of mass and relative coordinates) With uniform initial conditions in the center-of-mass coordinates and momenta, i.e. χ i ,χ i independent of i, (2a) have the solutions χ i (t) = Ωt + α, for all i. In this case, the dynamics reduces to the following equations of motion ( 1 ) for the phase half-differences, φ i :
Following the idea of the above-mentioned theorems [4] one can construct a proof of the existence of time-periodic solutions to (3) with exponential localization; technical details will appear elsewhere, though the essence of the argument is implicit in [4] , [8] . We will concentrate here on the physical characterisation of this type of solution for the Josephson-junction ladder system.
In order to explicitly compute the localised solutions (both oscillator and rotor localised modes) we have used the numerical procedure developed in [8] . Based on rigorous mathematical foundations and incorporating well-established numerical methods of fixed-point iteration and integration of ODEs, this method provides the exponentially localised solution as an attractor of a functional operator in certain space of sequences of functions. The solution can then be given as the initial condition to a direct simulation of the full system of equations of motion (2) in order to check its attracting character, robustness against different types of fluctuations, etc. Figure 2 shows the energy profile of an oscillator localised mode in the ladder for a particular choice of the parameter values. In the inset of fig. 2 we show the closed trajectories in the phase space (φ,φ) of the phase half-differences across vertical junctions. Voltage profiles across horizontal and vertical junctions are shown in fig. 3 . The high precision of the numerical method of Marín and Aubry allows for a precise Floquet analysis of the linear stability of these solutions. We are currently carrying out an exhaustive exploration in parameter space of this issue, in order to determine the instability mechanisms. From our preliminary results we can conclude in favour of the existence of wide zones for linear stability of the oscillator localised modes, mostly for low values of the anisotropyη. This is what should be expected, for localisation is naturally favoured by low values of the horizontal coupling between superconducting phases.
We have checked the attracting character of these solutions by direct numerical integration of the original equations of motion (2) . For arbitrary, small enough, perturbations of the localised solution, the perturbed trajectories are observed to tend to the unperturbed localised mode, confirming that it is an attractor of the dynamics. This suggests a nonnegligible chance of observing these localised modes in experiments, for an appropriate range of fabricated junction characteristics.
In analogy with [4] we also predict the existence of arrays of modes localised at different sites. We have also computed these multi-mode solutions and confirmed their attracting character. In fact, in the range of low values of (J x , x ), for a wide set of arbitrary initial conditions, the attractor reached after (usually long) transients is generically a (glassy-like) array of localised modes.
The second class of localised solutions, the rotor localised mode, differs from the previous one in that at the site of energy localisation, the superconducting phases rotate, while the rest remain oscillating (see fig. 4 ). For a Hamiltonian array of pendulums with periodic coupling, this type of localised mode was first found explicitly by Takeno and Peyrard [13] , and its existence was implicitly envisaged in the theorems of [4] . Note that in the Josephson-junction ladder there are additional external forcing, damping and momenta coupling.
The most significant feature of a rotor localised mode concerns the vorticity profile of the ladder. The number of fluxoid quanta (vortices) n i associated to the i-th plaquette in the ladder is defined in terms of the circulation around the plaquette of the superconducting phase gradient. In the absence of external magnetic field, which is the case we analyse here, one has
where the contour integral is performed around a loop Γ i enclosing the i-th plaquette. Figure 5 shows the time-dependent vorticity profile of the ladder for a rotor localised mode computed with the method of Marín and Aubry. The excitation energy of this mode (which is a microscopic quantity due to the localised character of the solution) manifests itself through the intermittent creation and subsequent annihilation of a pair of fluxoid quanta of opposite sign (vortex-antivortex) located in the central plaquettes.
Though we have considered the situation in which no external magnetic field is present, the existence of energy localisation persists under magnetic fields. Interesting phenomena are then expected to appear as a result of the interplay between commensurability (and the associated defectibility [10] ) and localisation. In any case, we should recall that most applications of Josephson-junction-array-based devices rely on the coherent synchronous motion of the phases; what we have shown here constitutes a new phenomenon which could destroy this coherence (the eventual unbinding of pairs and subsequent vortex motion), and is, therefore, something to be avoided in such devices, or perhaps, due to the robustness and generality of this novel effect, something to be turned to our advantage in possible new applications (e.g., photodetection).
From what experimental feasibility is concerned with, the RCSJ model is usually considered to give a sensible description for the classical junction regime, (E C /E J ) 1 (see footnote ( 1 )), while the underdamped regime of the dynamics should be fine for low values of˜ δ . Both conditions can be easily fulfilled in tunnel junctions (see, for example, [14] ). The parameters shown in the figures would correspond, assuming for example R = 10 kΩ and I c = 0.03 mA, to (E C /E J ) ≈ 10 −3 and ω ≈ 9 GHz, just to give an idea about feasibility matters. Our results point toward the utmost importance of experimental work on Josephsonjunction ladders, as a benchmark system for nonlinear concepts, in the firm belief that the interaction between theory and experiment is the way toward serious advances in nonlinear condensed-matter physics. *** We are indebted to J. J. Mazo and R. S. MacKay for the critical reading of the manuscript. We acknowledge financial support of the European Union, through the Network (CHRX-CT93-0331), and CICYT (PB92-0361), Spain.
